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STATISTICS 301—APPLIED STATISTICS, Statistics for Engineers and Scientists,  Walpole, Myers, Myers, and Ye, Prentice Hall
Goal:
In this section we will tackle the concept of RANDOM VARIABLES, an important concept in statistics.
Defn:
A random variable (RV) is a method of assigning one and only one number to the outcome of an experiment.
Notation:
Upper Case Latin letters are used to denote random variable, eg X, or Y, or F.

Lower case Latin letters are used to denote the VALUE of the RV, eg x’s, y’s, f’s and are listed in the sample space of the RV.
SOME EXAMPLES
1.
Experiment consists of rolling a die (fair or otherwise)

D = # dots on the top face

SD = { 1, 2, 3, 4, 5, 6 }
2.
Experiment consists of tossing a fair coin

H = # heads 

SH = { 0, 1 }
3.
Experiment consists of selecting a student randomly from class

ID = Miami ID/Banner ID

SID = { 00123456, 00123457, … }
4.
Experiment consists of selecting a student randomly from class

A = age (in years)

SA = { 21, 22, …  }
MOTIVATION
Why do we need RV’s?  Recall the first day of class when we talked about populations, parameter, samples, and statistics.  Further recall their definitions.
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Some common statistics that we deal with in statistics are
Sample Average, 
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Sample Variance, S2
Sample Standard Deviation, S
Sample Median, 
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Sample Proportion, 
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Note that in every case the statistic is a number associated with the outcome of a random experiment (the choosing of a particular sample)!

SOME MORE EXAMPLES
1.
The following experiment is performed:  13 cards are dealt from a well-shuffled poker deck of 52 cards.  Define three different random variables for this experiment.

a.
X = 

b.
Y = 

c.
W = 

2.
For the following examples, determine whether the example is an example of a random variable.  If it is not, explain why.  If it is, give the sample space.

a.
A study of education followed a large group of fifth grade children to see how many years of high school they eventually completed.  One student is selected at random; let X be the highest grade of high school the student completes.

b.
A student is randomly selected from this class.  Let X be the student’s final letter grade in the course.

c.
A house is randomly selected from the Oxford area.  Let X be the number of occupants in the house.

d.
A car is randomly selected from Butler County.  Let X be the make of the car.

e.
A student is selected from this class.  Let X be the probability the student passes the next exam.

KINDS OF RANDOM VARIABLES
There are two kinds of random variables, discrete and continuous, and the difference between the two lies in the number of values in the sample space of the RV.
Defn:
A Discrete RV has a finite or countable # of values in S

A Continuous RV has an uncountable # of values in S.
While there is no distinction in how we denote discrete and continuous RV’s, there are many other differences between them, most importantly, how we obtain probabilities.

SOME EXAMPLES
1.
Experiment consists of tossing a coin four times

SExperiment = {(HHHH), (HHHT), (HHTH), (HHTT), (HTHH), (HTHT), (HTTH),(HTTT)


(THHH), (THHT), (THTH), (THTT), (TTHH), (TTHT), (TTTH), (TTTT)}

X = # heads obtained

SX = { 0, 1, 2, 3, 4 }
2.
Experiment consists of stopping a 2006 Chrysler minivan from 60mph

X = stopping distance in feet

SX = { any value > 0 }
NOTE!!!!
1.
Note that I, and YOU, should always explicitly define your random variable!!!
DISCRETE RANDOM VARIABLES
NOTE:
In this class we will only consider discrete random variables with a strictly finite sample space.  We will not consider discrete random variables with a countable sample space.

Here are a couple of examples of discrete random variables, one of which has a finite S and the other has a countable S.

1.
Experiment consists of tossing a coin three times

H = # heads

SH = { 0, 1, 2, 3 }
2.
Experiment consists of tossing a coin UNTIL THE FIRST HEAD APPEARS

T = # tosses until first head

ST = { 1, 2, 3, 4, … }

Note that in the second case there are a “countable” number of values in ST.

BASICS
Let X be a discrete random variable with a finite sample space; we will assume that there are k different values.  Denote the elements in S by x1, x2, x3, …, xk.
SX = { x1, x2, x3, …, xk  }
From the basic facts that govern probability we know that:
1.
Pr{ S } = ________
Now if we let Pr{ X = x1 } = Pr{ x1 } etc, for each of the x’s

2.
each of these Pr{ x1 } , … , Pr{ xk } must be __________________
PROBABILITY FUNCTION FOR A DISCRETE RANDOM VARIABLE
Defn:
A Probability Function for a Discrete RV is a method that provides a probability for every value in S.
Notation:
A Probability Function for a Discrete RV is denoted by f(x) or fX(x) and is shorthand for Pr{ X = x }.
Facts:
Since the fX(x) are probabilities

1.
0 ≤ fX(x) ≤  1 FOR EVERY VALUE OF x

2.
Sum of the fX(x) over all the different values of x must equal 1.
Note:
The probability function provides information about the values the RV can take on AND the probability of each value!
EXAMPLES
	x
	fX(x)

	0
	½

	1
	½

	
	


1.
Experiment:  Toss a fair coin

SExperiment = { H, T } since coin fair Pr{ H } = Pr{ T } = ½ .

X = # heads

SX = { 0, 1 }

then fX(x) = Pr{ X = x } ( 
Note: 0 ≤ fX(x) ≤  1 FOR EVERY VALUE OF x and ( fX(x) =  1
But we could also represent the probability function via a
graph:

mathematical function:

Each is acceptable because each ones provides the
1) the values that X can take on 

AND 2 ) the probabilities.
2.
Experiment:  Toss a fair Dime and fair Quarter

SExperiment = { (HH), (HT), (TH), (TT) }  (Dime Quarter) 

and these outcomes are E.L. because the coins are fair Pr{ H } = Pr{ T } = ½ and the tosses are independent.  Hence Pr{ HDHQ } = Pr{ HD } * Pr{ HQ } = ½*½ = ¼ .

X = # heads

SX = { 0, 1, 2 }


	x
	fX(x)

	0
	¼

	1
	½

	2
	¼

	
	


then fX(x) = Pr{ X = x } ( 
Note that even though the outcomes in the original sample space of the experiment were E.L., the outcomes of our RV are NOT!!!
Again note: 0 ≤ fX(x) ≤  1 FOR EVERY VALUE OF x and ( fX(x) =  1
But we could also represent the probability function via a

graph: 
mathematical function:

3.
Experiment:  Toss the “loaded” die
Let LD = # dots on top face
SLD = {1, 2, 3, 4, 5, 6 }
Let’s assume that since the 5 side was loaded it’s less likely to occur, and 2 is more likely to occur, and the others have the same prob of occurring, so we have
P(1) = P(3) = P(4) = P(6) = p

P(2) = 3*p

P(5) = 1/3 * p

and we have
	ld
	fLD(ld)
	

	1
	p
	

	2
	3p
	

	3
	p
	

	4
	p
	

	5
	p/3
	

	6
	p
	

	
	
	


Now use the basic properties of probabilities to determine “p”
4.
Another discrete example.  Now we see how given the probability function, we “know” everything about the RV.
Let X be a discrete random variable with probability function given by
fX(x) = 
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Here’s what we know:

SX = {0, 1, 2, 3, 4}

and 

	x
	fX(x)

	0
	

	1
	

	2
	

	3
	

	4
	

	
	


CONTINUOUS RANDOM VARIABLES
Recall that a continuous random variable is any RV whose sample space has an uncountable number of values.  As a result of this fact about continuous RV’s, we can not use the idea of a probability function like we did for discrete RV’s.

As strange as it seems, the probability that a continuous RV takes on a single value, 
ie Pr{ X = x } = 0, if X is a continuous RV.  Rather than be concerned about single value for continuous RV’s, we will define the probabilities that the RV is in an interval.  To this end we define what is known as the Probability Density Function, or pdf for short.
PROBABILITY DENSITY FUNCTION FOR A CONTINUOUS RANDOM VARIABLE
Defn:
A Probability Density Function, pdf for short, for a Continuous RV is a continuous function, fX(x), such that

1.
fX(x) ≥ 0 over the entire real line, ie everywhere!

2.
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with the following use

3.
Pr{ a ≤ X ≤ b } = 
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So

1.
fX(x) is NEVER negative,
2.
areas under fX(x) are probabilities,
3.
since, if X is continuous, Pr{ X = x } = 0, 

Pr{ a ≤ X ≤ b } = Pr{ a < X ≤ b } = Pr{ a ≤ X < b } = Pr{ a < X < b }.
EXAMPLES
1.
Let X = time (in hours) until the first customer enters a store after opening.
Suppose 
[image: image7.wmf]1

8

X

f(x)=

0,elsewhere

,0x8

££

ì

ï

í

ï

î

 so that 
Note that this is a valid pdf because
1.
2.

2.
Let X be a continuous random variable with 
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  Is this a “legitimate” pdf?
We need to verify that 1)  fX(x) ≥ 0 over the entire real line and 2) 
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So
1.

2.

EXAMPLES (Continued)
3.
Let X =  proportion of people who respond to a certain mail-order solicitation.  X is a continuous RV with pdf given by
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Is fX(x) a valid pdf?
1.

2.

What is the probability that between 25% and 50% respond?

SUMMARY OF RANDOM VARIABLES
1.
Random Variables (denoted by upper case Latin letters, eg X, Y, … ) are numbers assigned to the outcomes of a random experiment.  The values a RV can take on are denoted by lower case Latin letters ( eg x, y, … ).
2.
Random Variables are either Discrete (SX is finite or countable) or Continuous (SX is uncountable).
3.
Probabilities for Discrete RV’s are defined by the Probability Function and is denoted fX(x).

The probability function provides BOTH the values of the RV as well as the probabilities.

The probability function can be presented in table, graphical, or mathematical function form.


Since fX(x) is a probability, 0 ≤ fX(x) ≤  1 FOR EVERY VALUE OF x and ( fX(x) =  1
4.
Probabilities for Continuous RV’s are obtained using the Probability Density Function, pdf, which is denoted fX(x).


Density functions must be ≥ 0 and must integrate to 1.

Areas under the density represent the probabilities for continuous RV’s.
WHERE WE ARE HEADED
Since the sample space of a random variable every possible value the RV can take on, this set of values represents the POPULATION of values for the RV.

Also since these values are numbers, we can summarize the distribution of these numbers, namely, the CENTER, SPREAD, and SHAPE, of the distribution!

fX(x), be it a probability function of a discrete RV or a pdf of a continuous RV, is referred to as the “Probability Distribution” of the RV X.
In the next chapter, we introduce a function that will allow us to summarize this “population” of values of a RV.
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