Chapter 11--Regression.Doc
STATISTICS 301—APPLIED STATISTICS, Statistics for Engineers and Scientists,  Walpole, Myers, Myers, and Ye, Prentice Hall
To Date:  summarized and inferences a single (or at most two) variable or distributions
Now:  investigate the relationship between TWO NUMERIC VARIABLES
TOPICS:  Correlation and/or Regression.
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EXAMPLE (Contintued)
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Three features of relationships

1.


2.


3.





Terminology

1.
Y = the dependent variable = response variable
2.
X = the independent variable = predictor variable
3.
CORRELATION = Direction and Degree of Linear relationship
CORRELATION
Defn:
Correlation ( is a population numeric measure of the direction and degree of linear relation between two numeric variables, say X and Y
Correlation assumes a linear relationship between Y and X.
If the relationship is actually NOT linear and correlation is calculated, odd results can occur!
EG:  wgt & hgt,  HSGPA & CollegeGPA,  drug dose & BP reduction

ESTIMATION OF CORRELATION
Data:  RS of size n :  (x1, y1), (x2, y2), …  (xn, yn).
Sample correlation, r, an estimate of the population correlation, (:
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Definitions of Sxy, etc

Correlation ALWAYS between +1 and -1 !
INTERPRETATION OF A CORRELATION (either ( or r)
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EXAMPLES OF CORRELATIONS
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CORRELATION—THE COMPLETE STORY (OR PICTURE)?
Example:  Lengths and weights of random sample of nine Vipera berus snakes.
	Snake
	1
	2
	3
	4
	5
	6
	7
	8
	9

	Length (cm)
	64
	65
	66
	54
	67
	59
	60
	69
	63

	Weight (gm)
	140
	174
	194
	93
	172
	116
	136
	198
	145


Using SAS:
OPTIONS LS=110 PS=60 PAGENO=1 NODATE;

TITLE 'REGRESSION.SAS';

TITLE2 'SNAKE LENGTH WEIGHT DATA';

DATA ONE;

    INPUT LENGTH WEIGHT @@;

    DATALINES;

64 140   65 174   66 194    54 93   67 172   59 116  60 136  69 198  63 145

;

PROC CORR; RUN; QUIT;
                                       Regression.SAS                                       1
                                  SNAKE LENGTH WEIGHT DATA

                                     The CORR Procedure

                              2  Variables:    WEIGHT   LENGTH

                                     Simple Statistics

 Variable           N          Mean       Std Dev           Sum       Minimum       Maximum

 WEIGHT             9     152.00000      35.33766          1368      93.00000     198.00000

 LENGTH             9      63.00000       4.63681     567.00000      54.00000      69.00000

                          Pearson Correlation Coefficients, N = 9
                                 Prob > |r| under H0: Rho=0

                                           WEIGHT        LENGTH

                             WEIGHT       1.00000       0.94368
                                                         0.0001

                             LENGTH       0.94368       1.00000

                                           0.0001

r = + 0.94368 means what?
What doesn’t it tell us?
Plot the two variables:  which is X?  which is Y?

What additional info is apparent?
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1)
relationship is linear
2)
relationship is positive
and 
3)
much scatter around the line
Correlation ≠ functional relationship between weights and heights
Relationship is linear:

Weight of a Snake = intercept + slope*Length of a Snake.
                                     (                (
                                     ?                ?
= Simple Linear Regression (SLR) = estimate the intercept and slope in linear relationships.

Example
From a recent issue of Road and Track magazine, investigation of the relationship between Time (in seconds) to reach 60 mph and Horsepower of cars.
The estimated relationship:  Time to 60mph = 9.8962 – 0.0122*HP.
[image: image68.wmf] 

The correlation is -0.8374.

So what can you conclude about the relationship 
between Time to 60mph and HP?
Could you draw a picture of the data?
CORRELATION AND SLR TOGETHER = THE WHOLE STORY
Complete description of the relationship = correlation and the regression equation, with a scatter plot of the data.
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Does your graph from the previous page match up well?  

Is the relationship actually linear?

Estimated slope (usually labeled as b1 ) = -0.0122 means what?
Estimated intercept (usually labeled as b0) = 9.8962 means what?
OVERVIEW OF REGRESSION
GOAL(S):
Primarily we are interested in how one variable (Y, the dependent or response variable) is linearly related to one (or more) variables (Xj, the independent or predictor variables).
Most relationships are linear, but others are not, eg popln growth over time and ______?
	
	
	


USES OF REGRESSION
1.
What car performance variables impact MPG?

2.
For a particular model of Anderson thermal pane windows, what is the mean heat loss through the window on a typical winter’s day when the temp is 28(F?

3.
Can we predict a student’s first year GPA based on HS performance characteristics?

4.
Can we summarize the weight and height values for a RS of 600 students in a linear function?

SIMPLE LINEAR REGRESSION (SLR) MODEL
STATISTICAL MODELS:
Random Variable
= Mean of the RV + random error

= (RV + random error.
                                                   (
                                                    (
SLR MODEL

Population relationship     =    Y = (0 + (1 X + (
Sample relationship     =      Yi = (0 + (1 Xi + (i

holds for all n values in the RS of n pairs of values, (Xi, Yi), i = 1, 2, …, n.

Yi = Dependent or Response variable value

Xi = Independent or Predictor variable value

(i = random error term, ASSUMED to have mean 0 and variance (2
(0 and (1 = UNKNOWN regression parameters MUST be estimated
(2 ALSO MUST be estimated (NOT a “regression” parameter)
Difference between TRUE regression line and ESTIMATED regression line:
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NOTES AND COMMENTS

1.
The Yi and (i are Random Variables and have distributions.

2.
(0 and (1 are unknown constants.

3.
Xi are NOT RANDOM VARIABLES, but known constants.

4.
Hence, Yi = (0 + (1 Xi + (i, are:

a.
E[ Yi ] = E[ (0 + (1 Xi + (i ] = (0 + (1 Xi = f(Xi) = mean of Yi for the value Xi.
b.
V[ Yi ] = V[ (0 + (1 Xi + (i ] = V[ (i ] = (2.
c.
The (i are identically distributed, all have the same mean, same variance, and same shape, be it Normal or whatever.
d.
Are the Yi identically distributed?

5.
Interpretation of (0 the “Intercept” and (1 the “slope”
a.
(0 = 

The “Scope of the Model” =

(0 ALWAYS make sense?
b.
(1 =
c.
Which of (0 and (1 “DEFINES” the regression?
NOTES AND COMMENTS (Continued)

6.
Regression DOES NOT ( CAUSE-EFFECT!

Regression DOES ( RELATIONSHIP ONLY!
7.
“Observational” vs Experimental” study/data

“Observational” study =


“Experimental” study =


Most regression data is observational in nature.

An observational study EXAMPLE (from Kleinbaum/Kupper p 47):  X = Age, Y = SPB.  Six individuals were selected and the age and SBP of the person measured.  Notice that in this case, we have no control over the values of Age that we obtain.

	Age(X)
	17
	34
	45
	50
	63
	67

	SBP(Y)
	114
	110
	135
	142
	144
	170


An experimental study EXAMPLE:  Y = total sales crackers brand at store and X = cracker’s height on the shelves.  Over the next nine weeks, the store manager randomly puts the crackers on either the bottom shelf ( X = 0 ), the middle shelf ( X = 3 feet), or the top shelf ( X = 6 feet), and measures weekly sales.  In this case we controlled the values of X by performing an experiment that fixed or “controlled” the values of X.

	Hgt(X)
	0’
	3’
	6’

	Sales(Y)
	$128

213

75
	250

446

540
	187

145

200


MORE ON THE SLR MODEL

Simple linear regression model is:
Y        =       (Y + (         =        0 + 1*X + (.
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Alternative linear regression model is:

Y|X  =  mean of all Y values with an independent variable value of X.
Or (
Why is 1 the “regression” parameter?
EXAMPLE:  What’s the relationship between the heights (why X?) and weights (why Y?) of all college age men.
Define “populations” of men based on their heights.
Then have “populations” of the weights.
What is being assumed about the population of weights?
	…
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elcome to Ninitab, press Fi for help
NTE > Regress 'SEP' 1 'hge’

SUBC>  Constant;

SUBC>  Brief 2.

Regression Analysis: SBP versus Age

The regression equation is
SEP = 87.4 + 1.05 lge

Predgictor  Coef SE Coef T P
Constant  87.36  13.09 6.67 0.003
age 1.0537 0.2670 3.95 0.017

11,1113 R-Sg = 79.6%  R-Sqfadi) = 74.5%

hnalysis of Variance

Source oF B ns i P
Regression 1 1923.0 1923.0 15.58 0.017
Residual Error 4 493.8  123.5

Total 5 2116.8
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Now, of the guys who are 72” tall, do you all weigh the same?  Why not?  This is random error!
SLR Model assumes that:   Mean weight of all college aged men X inches tall = 0 + 1*X
PARAMETERS[image: image81.wmf] 

 NTERPRETATION
1 is

0 is

SNAKE EXAMPLE
SLR MODEL FOR POPULATION OF VIPERA BERUS SNAKES
Snake Weight (Y, in gm)= 0 + 1*Snake Length (X, in cm)+ , or 

Y = 0 + 1*X + ,
, are random errors = “why” all snakes of the same length do not all weigh the same
SLR MODEL FOR A RANDOM SAMPLE OF SNAKES
Random sample of n = 9 snake:
Snake Weighti = 0 + 1*Snake Lengthi + i, or 

Yi = 0 + 1*Xi + i, i = 1, 2, …, 9
The results are in the following table.

[image: image82.jpg]By the Numbers / By Allen Barra

Taking Heat Over Miami

’'M VERY APPRECIATIVE of the

letters and e-mails that come from
this column’s readers, and I regret
that I can only get to a small number
of them. Here are four that are wor-
thy of columns on their own right.

Q: I am among those who think

you have not shown the Miami Hurri- .

canes enough respect this season be-
cause you dropped them from No. 1
simply because of lapses in perfor-
mance. I think the New York Times
clearly made the argument when
they pointed out that Miami should
be no more punished for being forced
to come from behind against Rutgers
than the Anaheim Angels being
Jorced to come back against the San
Francisco Giants in the World Se-
ries. Also, isn't it absurd that the
reigning national champion could fin-
ish the season undefeated and not
get a chance to defend its title?
Kevin Baker, New York City

A: The Times' argument is
valid—up to a point. Yes, it shows
character when a team comes from
behind in a pressure situation, but
there’s a big difference between com-
ing from behind against the Gi-
ants—one of the best teams in base-
ball—and coming from behind
against the Rutgers Scarlet Knights,
quite possibly the worst major-col-
lege football team in the country.

And while I admit the seeming ab-
surdity of the defending champions
not getting a chance to defend its ti-
tle, remember that the national title
doesn’t belong to these Hurricanes,
but to the 2001 Hurricanes. Right
now, Miami has no more claim on a
voter’s loyalty than any other team,
and all should be judged equally on
the basis of this season’s perfor-
mance. That being said, the 2002
Hurricanes are still very good.

Q: In your column on the increas-
ing size of professional athletes, you
didn’t say if this also applied to col-
lege-football players. Are they in-
creasing in size as fast as the pros?

Max Rosenthal, Maplewood, N.J.

A: Such figures are difficult to
find because of the number of col-
leges. Also, weights vary greatly ac-
cording to program level. (Division
I-A players will invariably be larger

Miami Hurricanes’
Willis McGahee

Incredible Hulks

If you're charting the trends in college-foot-
ball players’ weights, better crack out your
history books. From 1886 to 1896, play-
ers gained a whopping 15.8 pounds,
while in the Depression Era (1926 to
1936) the average weight dropped 17.4
pounds. And talk about a baby boom:
From 1946 to 1996, the weight of the av-
erage All-America interior lineman bal-
looned nearly 80 pounds!

YEAR AVG.WT. | YEAR AVG. WT,
1886 177.4 | 1946 211.2
1896 193.2 | 1956 227.6
1906 197.8 | 1966 229.6
1916 195.0 | 1976 255.2
1926 219.4 | 1986 280.6
1936 202.2 | 1996 290.1

Alan Diaz/AP

than those in I-AA.) Beyond that, it
isn’t unusual for even backs and re-
ceivers to put on 25 pounds between
their freshman and senior years. But
as our chart indicates (above), col-
lege interior linemen have beefed up
at about the same pace as players in
the National Football League.

Q: Is there any baseball player
that you think you’ve overlooked in
your Hall of Fame watches? Using
hindsight, who would you say has

been the most underrated player for
the last few years?
Justin Knuth, Mesa, Ariz.

A: Yes, and it took the World Se-
ries for me to finally see it. The Gi-
ants’ Jeff Kent just had his sixth-con-
secutive season with more than 100
runs batted in, a total that, among
second basemen, puts him ahead of
Hall of Famer Rogers Hornsby (No.
5 on the all-time list) and Ryne Sand-
berg and Joe Morgan combined. He's
a perennial All-Star who helped put
his team in the World Series, has 365
home runs and an MVP award. A
few more good seasons ought to put
a lock on Cooperstown for Mr. Kent.

Q: I'm still peeved that you se-
lected Tim Duncan of the San Anto-
nio Spurs over Jason Kidd of the
New Jersey Nets as the National Bas-
ketball Association’s MVP last sea-
son. Isn’t it just as important to
play within a team concept and
make your teammates look good as
to pad your own personal statistics?

Derek Schofield, Providence, R.1.

A: This is virtually the flip-side of
the usual Allen Iverson question:
“Why does Max Points dis Allen Iver-
son just because he hogs so many of
the team’s shots? What does selfish-
ness have to do with value?” (Maybe
we should do a column contrasting
Messrs. Kidd and Iverson.)

Our Max Points formula doesn’t
really take note of such qualities as
selfishness; it only measures what
you've done on a basketball court to
contribute to your team’s success.
We readily admit that Mr. Kidd does
a number of things to make his team-
mates better, such as setting up
shots and playing terrific defense.

But how does this make Mr. Dun-
can “selfish?” Should Mr. Kidd back
off and let others grab some of the
rebounds he’s been snagging? Are
you really going to argue that other
players on the Spurs should be tak-
ing more shots instead of passing off
to Mr. Duncan?

And why are so many people so
certain that the Spurs without Mr.
Duncan have more talent than the
Nets without Mr. Kidd? By all objec-
tive evidence, Mr. Duncan is not
only a greater player, he is every bit
or more valuable to his team.

%Joumal Link: For a
roundup of the best in
sports, read The Daily Fix
by Carl Bialik and Jason Fry each
weekday morning in the Online

Journal at http://WSJ.com.





	Snake
	Length (cm) Yi
	Weight (gm) Xi

	1
	64
	140

	2
	65
	174

	3
	66
	194

	4
	54
	93

	5
	67
	172

	6
	59
	116

	7
	60
	136

	8
	69
	198

	9
	63
	145


Plot ( linear relationship btwn Weights and Lengths

Next: HOW DO WE ESTIMATE (0 and (1, and (2?
A LAST BIT OF CALCULUS:  MAX/MIN PROBLEMS
A farmer has 2400’ of fencing and wants to fence off a rectangular field that borders a straight river.  He needs no fencing along the river.  What are the dimensions of the field that has the largest area?
ESTIMATION OF THE REGRESSION LINE
LEAST SQUARES ESTIMATION (LSE)
Defn:
Least Squares Method of Estimation = estimate the regression line (slope and intercept) so that the squared vertical distances are minimized.  The line that does this is the Least Squares Line.
Least Squares Line = line that minimizes squared vertical distances of points to the line
[image: image5.wmf]7
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EXAMPLE:  Snake Data

Goal:
Find the line that minimizes the squared vertical distances of the points from the line.  IE:

[image: image6.wmf]9
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LEAST SQUARES REGRESSION LINE

In general, given a random sample of n points of the form ( xi, yi), i = 1, 2, …, n, the least squares regression line of y on x is 

[image: image8.wmf]i01i
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,    where 
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,        and            
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 .
EXAMPLE

Snake data summary information:

	Snake
	1
	2
	3
	4
	5
	6
	7
	8
	9
	
	Sum
	Sum of Squares

	Length (X cm) 
	64
	65
	66
	54
	67
	59
	60
	69
	63
	
	567
	35,893

	Weight (Y gm)
	140
	174
	194
	93
	172
	116
	136
	198
	145
	
	1,368
	217,926

	Lngth*Wgt (X*Y)
	8960
	11310
	12804
	5022
	11524
	6844
	8160
	13662
	9135
	
	87,421
	


we can obtain the LSE of the regression relationship between Snake Weights and Lengths.
Estimated Mean Snake Weighti = -301.1 + 7.192*Snake Lengthi
Estimation of (2
Defn:
A Fitted Value, 
[image: image12.wmf]ˆ

 i

Y

, in the SLR model is 
[image: image13.wmf]ˆ

 i

Y

 = B0 + B1Xi, ie, point on SLR line
Snake Estimated SLR:  Estimated Mean Snake Weighti = -301.1 + 7.192*Snake Lengthi
	Snake
	1
	2
	3
	4
	5
	6
	7
	8
	9

	Length (X cm)
	64
	65
	66
	54
	67
	59
	60
	69
	63

	Weight (Y gm)
	140
	174
	194
	93
	172
	116
	136
	198
	145

	Fitted Values (
[image: image14.wmf]ˆ

 i

Y

)
	159.192
	166.384
	173.576
	87.273
	180.767
	123.233
	130.424
	195.151
	152.000


Fitted value for snake 1 is:  -301.1 + 7.192*64 = 159.188
Theorem:
An unbiased estimator of 2 is MSE = 
[image: image15.wmf]2
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What does unbiased mean?

Using technology (calculators or software)  our estimate of the (2 for the snake data is:
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11.4— The SAMPLING DISTRIBUTIONS of B1 and B0
Statistical inference (CI and test) on (1 and (0, requires Sampling Distributions of B1 and B0.
Sampling Distribution = Center (mean), Spread (variance), and Shape (family).

B1 and B0, are sample statistics and Random Variables.
One more assumption.
Defn:
The Normal Error, SLR model is Yi = (0 + (1 Xi + (i , where the (i = NID (0, (2).

The Sampling Distribution of B1
Least Square Estimator (LSE) of (1 is:
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Theorem:
Under the Normal Error, SLR model, B1, the LSE of (1, is N( (1, (2/SXX  ).

What does N( (1, (2/SXX  ) mean?
Is B1 an unbiased estimator?
The Sampling Distribution of B0
LSE of (0 is 
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Theorem:
Under the Normal Error, SLR model, B0 is N( (0, 
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NOTES AND COMMENTS

1.
Assume Normal Error, SLR model from here on.

2.
Actual, true variance of a random quantity versus an estimator and estimate of the variance of the random quantity.

EG:
True, actual variance of B1 = 
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Estimator of 
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Estimate of 
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11.5—Inferences Concerning the Regression Coefficients
Statistical Inference Concerning (1
Assuming the Normal Error, SLR, B1 is N((1, (2/SXX ), so:
Theorem:
For the Normal Error, SLR Model, 
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Theorem:
For the Normal Error, SLR Model, a (1 - () 100% confidence interval for (1 is
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Theorem:
For the Normal Error, SLR Model, to test Ho: (1 =  (10, where (10  is a constant, use the test statistic 
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, which is distributed as a T(n – 2) under Ho (ie, assuming Ho is true).
Is Y linearly related to X?
If Y IS linearly related then (1       0
0.
(1 = Linear Effect of the Independent Variable on the Response

1.
Ho:
Response does not depend linearly on X ( (1 = 0

2.
HA:
Response does linearly depend on X ( (1 ( 0
3.
Set SYMBOL 97 \f "Symbol"
4.
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5.
P-value = 2*Pr{ t(dfE) > | t1 | }

6.
Decision
7.
Interpret
Statistical Inference Concerning (0
ONLY IF X = 0 IN SCOPE OF THE MODEL!!!
Theorem:
For the Normal Error, SLR Model, 
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Theorem:
For the Normal Error, SLR Model, a (1 - () 100% confidence interval for (0 is
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Theorem:
For the Normal Error, SLR Model, to test Ho: (0 =  (00, where (00  is a constant, use the test statistic 
[image: image32.wmf]0
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, which has a T(n – 2) under Ho (ie, assuming Ho is true).

NOTES AND COMMENTS

1.
Use technology since calculations tedious.  However, conclusions and interpretations are your responsibility.
2.
Inferences concerning (0, MAY BE extremely misleading unless zero is model scope.
3.
Do NOT use regression equation outside SCOPE!!!

NO GUARANTEE THAT THE REGRESSION EQUATION BEHAVES THE SAME WAY OUTSIDE SCORE!!!
Example

Age/SBP data (from Kleinbaum/Kupper p 47).
	Age(X)
	17
	34
	45
	50
	63
	67

	SBP(Y)
	114
	110
	135
	142
	144
	170


SAS program and output of basic SLR analysis.

TITLE 'SLR.SAS';

TITLE2 'AGE SBP DATA';

DATA ONE;

    INPUT AGE SBP  @@;

    DATALINES;

17 114    34 110    45 135    50 142    63 144    67 170

;

PROC REG DATA=ONE;

    MODEL SBP = AGE;

RUN;

                                                        SLR.SAS                                                        1

                                                      AGE SBP DATA

                                                   The REG Procedure

                                                     Model: MODEL1

                                                Dependent Variable: SBP

                                        Number of Observations Read           6

                                        Number of Observations Used           6

                                                  Analysis of Variance

                                                         Sum of           Mean

                     Source                   DF        Squares         Square    F Value    Pr > F

                     Model                     1     1922.99365     1922.99365      15.58    0.0169

                     Error                     4      493.83968      123.45992

                     Corrected Total           5     2416.83333

                                  Root MSE             11.11125    R-Square     0.7957

                                  Dependent Mean      135.83333    Adj R-Sq     0.7446

                                  Coeff Var             8.18006

                                                  Parameter Estimates

                                               Parameter       Standard

                          Variable     DF       Estimate          Error    t Value    Pr > |t|

                          Intercept     1       87.36336       13.09232       6.67      0.0026

                          AGE           1        1.05370        0.26699       3.95      0.0169

A 95% CI for (1 is:
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INTERPRETATION:

A 95% CI for (0 (INTERPRETATION????) would be:
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Testing for linear relationship between Age and SBP:
0.
(1 = Linear Effect of the Age on SBP of patients (Interpret?)
1.
Ho:
SBP DOES NOT depend Linearly on Age ( (1 = 0

2.
HA:
SBP DOES depend Linearly on Age ( (1 ( 0.
3.
Set SYMBOL 97 \f "Symbol" = 0.05.
4.
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6.
Decision:  We reject Ho, since the p-value = 0.0169 < SYMBOL 97 \f "Symbol" = 0.05.
7.
Interpret:  With 95% confidence we can conclude that there is linear relationship between Age and SBP of patients.
NOTES AND COMMENTS

1.
CI’s interpretation regression, assumes repeated RS’s have the SAME X values.
2.
How could we use the CI for (1 to test the hypotheses (Ho:  (1 =  0 vs HA: (1 ≠  0 )?
[image: image83.wmf] 

3.
Tests of the parameters equal to zero are default output.  Some packages will also provide CI’s for (0 and (1, but need to be requested.

Minitab and SAS output; note that we reach the same conclusion for each test.
a.
Minitab output: Does tests but not CI’s!
b.
SAS output.

Add option CLB to the MODEL statement in PROC REG ( MODEL SBP = AGE/CLB; ), SAS gives 95% CI’s.

                                            Parameter Estimates

                           Parameter       Standard

      Variable     DF       Estimate          Error    t Value    Pr > |t|       95% Confidence Limits

      Intercept     1       87.36336       13.09232       6.67      0.0026       51.01326      123.71345

      AGE           1        1.05370        0.26699       3.95      0.0169        0.31242        1.79497

Change confidence coefficient?  Add “ALPHA =” option to the MODEL statement.  
PROC REG DATA=ONE;

    MODEL SBP = AGE/CLB ALPHA=0.01;

                                             Parameter Estimates

                           Parameter       Standard

      Variable     DF       Estimate          Error    t Value    Pr > |t|       99% Confidence Limits

      Intercept     1       87.36336       13.09232       6.67      0.0026       27.08509      147.64162

      AGE           1        1.05370        0.26699       3.95      0.0169       -0.17554        2.28293

11.5—Measures of Quality of Fit
 “How well does the estimated regression line fit the data?”
 “How close do the fitted Y values, the 
[image: image37.wmf]Y's
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, come to the actual, observed Y values?”
Which of the following regressions “fits” the best?
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Measures of fit:

(
Coefficient of Determination (also known as R-Squared or R2 )
(
Coefficient of Correlation (or simply, correlation) 

COEFFICIENT OF DETERMINATION (R2)

Defn:
Coefficient of Determination, R2, = 
[image: image39.wmf]SSRSSE
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= proportion of the total variability in Y explained by a linear relationship to X
NOTES AND COMMENTS

1.
R2 is always between 0 and 1.

2.
R2 = 1 is a “perfect” fit, all the points fall perfectly on a line.

3.
R2 = 0 implies NO LINEAR RELATIONSHIP!  ALWAYS PLOT YOUR DATA!!!!!
4.
NO DIRECTION in R2 !

5.
R2 is NOT an estimate of a parameter; rather a descriptive number.
COEFFICIENT OF CORRELATION (r, the same “correlation” seen earlier!)

Defn:
Coefficient of Correlation, r, = 
[image: image40.wmf]2
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 sign is determined by the slope 

Correlation measure has no interpretative meaning in regression.
NOTES AND COMMENTS

1.
r is always between -1 and 1
2.
r = ± 1 implies a “perfect” positive or negative fit of the observed data to a line.  That is, all the points fall perfectly on a line of positive or negative slope.  In general, the closer r is to ± 1, the “better” the fit of the data to a line.

3.
An r value of 0 implies NO LINEAR RELATIONSHIP!  While the r value might be 0, there could well be a NON LINEAR RELATIONSHIP between X and Y!  To avoid this misinterpretation, ALWAYS PLOT YOUR DATA!!!!!
4.
Note that the correlation measure quantifies both the DEGREE AND DIRECTION of the LINEAR relationship between X and Y, whereas R2 only quantifies the DEGREE of the LINEAR relationship.

5.
A useful relationship exists between B1 and r, namely, 
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6.
R2 = r2 = correlation2 
SAS EXAMPLE USING THE SNAKE DATA
OPTIONS LS=110 PS=60 PAGENO=1 NODATE;

TITLE 'REGRESSION.SAS';

TITLE2 'SNAKE LENGTH WEIGHT DATA';

DATA ONE;

    INPUT LENGTH WEIGHT @@;

    DATALINES;

64 140   65 174   66 194   54 93   67 17   259 116   60 136   69 198   63 145
;

PROC REG DATA=ONE;

    MODEL WEIGHT=LENGTH/P R CLI CLM;

    PLOT WEIGHT*LENGTH;  RUN;
                                              The CORR Procedure

                                       2  Variables:    WEIGHT   LENGTH

                                              Simple Statistics

          Variable           N          Mean       Std Dev           Sum       Minimum       Maximum

          WEIGHT             9     152.00000      35.33766          1368      93.00000     198.00000

          LENGTH             9      63.00000       4.63681     567.00000      54.00000      69.00000

                                   Pearson Correlation Coefficients, N = 9

                                          Prob > |r| under H0: Rho=0

                                                    WEIGHT        LENGTH

                                      WEIGHT       1.00000       0.94368

                                                                  0.0001

                                      LENGTH       0.94368       1.00000

                                                    0.0001

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

                                                Regression.SAS                                               3

                                           SNAKE LENGTH WEIGHT DATA

                                              The REG Procedure

                                                Model: MODEL1

                                         Dependent Variable: WEIGHT

                                   Number of Observations Read           9

                                   Number of Observations Used           9

                                             Analysis of Variance

                                                    Sum of           Mean

                Source                   DF        Squares         Square    F Value    Pr > F

                Model                     1     8896.33140     8896.33140      56.94    0.0001

                Error                     7     1093.66860      156.23837

                Corrected Total           8     9990.00000

                             Root MSE             12.49953    R-Square     0.8905

                             Dependent Mean      152.00000    Adj R-Sq     0.8749

                             Coeff Var             8.22338

                                             Parameter Estimates

                                          Parameter       Standard

                     Variable     DF       Estimate          Error    t Value    Pr > |t|

                     Intercept     1     -301.08721       60.18846      -5.00      0.0016

                     LENGTH        1        7.19186        0.95308       7.55      0.0001
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ANOTHER EXAMPLE USING EXERCISE 11.7
A study of weekly advertising expenditures and sales.  Use SAS output to answer the questions of the problem.
a.
Plot a scatter diagram.  NEED A PLOT!
b.
Find the equation of the regression line to predict weekly sales from advertising expenditures.  NEED A SLR!
c.
Test whether expenditures and sales are linearly related.  IN DEFAULT SLR

Obtain 95% confidence interval of the effect of advertising on sales. CLB option

Estimate the weekly sales when advertising costs are $35.  ????? in SAS
OPTIONS LS=110 PS=60 PAGENO=1 NOCENTER NODATE FORMDLIM='+';

TITLE 'SLR2.SAS';

TITLE2 'ADVERTISING SALES EXERCISE 11.7 WMMY 8TH';

DATA ONE;

    INPUT ADVERTISING SALES @@;

    DATALINES;

40 385   20 400   25 395   20 365   30 475   50 440

40 490   20 420   50 560   40 525   25 480   50 510

;

PROC PRINT;

PROC REG DATA=ONE;

    MODEL SALES = ADVERTISING /CLB ALPHA=0.05 P R CLI CLM;

    PLOT SALES * ADVERTISING;

RUN;
PROC PRINT;

SLR2.SAS                                                                                                     1

ADVERTISING SALES EXERCISE 11.7 WMMY 8TH

Obs    ADVERTISING    SALES

  1         40         385

  2         20         400

  3         25         395

  4         20         365

  5         30         475

  6         50         440

  7         40         490

  8         20         420

  9         50         560

 10         40         525

 11         25         480

 12         50         510

PROC REG DATA=ONE;

    MODEL SALES = ADVERTISING /CLB ALPHA=0.05 P R CLI CLM;

SLR2.SAS                                                                                                     2

ADVERTISING SALES EXERCISE 11.7 WMMY 8TH

The REG Procedure

Model: MODEL1

Dependent Variable: SALES

Number of Observations Read          12

Number of Observations Used          12

                             Analysis of Variance

                                    Sum of           Mean

Source                   DF        Squares         Square    F Value    Pr > F

Model                     1          17030          17030       6.75    0.0266

Error                    10          25226     2522.62056

Corrected Total          11          42256

Root MSE             50.22570    R-Square     0.4030

Dependent Mean      453.75000    Adj R-Sq     0.3433

Coeff Var            11.06902

                                        Parameter Estimates

                       Parameter       Standard

Variable       DF       Estimate          Error    t Value    Pr > |t|       95% Confidence Limits

Intercept       1      343.70558       44.76618       7.68      <.0001      243.96032      443.45085

ADVERTISING     1        3.22081        1.23961       2.60      0.0266        0.45880        5.98283

PROC REG DATA=ONE;

    MODEL SALES = ADVERTISING /CLB ALPHA=0.05 P R CLI CLM;

SLR2.SAS                                                                                                     3

ADVERTISING SALES EXERCISE 11.7 WMMY 8TH

The REG Procedure

Model: MODEL1

Dependent Variable: SALES

                                               Output Statistics

         Dependent Predicted    Std Error                                                   Std Error  Student

     Obs  Variable     Value Mean Predict     95% CL Mean        95% CL Predict    Residual  Residual Residual

       1  385.0000  472.5381      16.2020  436.4377  508.6385  354.9496  590.1265  -87.5381    47.541   -1.841

       2  400.0000  408.1218      22.7730  357.3804  458.8632  285.2459  530.9978   -8.1218    44.766   -0.181

       3  395.0000  424.2259      18.4211  383.1811  465.2707  305.0265  543.4252  -29.2259    46.726   -0.625

       4  365.0000  408.1218      22.7730  357.3804  458.8632  285.2459  530.9978  -43.1218    44.766   -0.963

       5  475.0000  440.3299      15.3914  406.0357  474.6242  323.2834  557.3765   34.6701    47.809    0.725

       6  440.0000  504.7462      24.4017  450.3759  559.1165  380.3278  629.1646  -64.7462    43.900   -1.475

       7  490.0000  472.5381      16.2020  436.4377  508.6385  354.9496  590.1265   17.4619    47.541    0.367

       8  420.0000  408.1218      22.7730  357.3804  458.8632  285.2459  530.9978   11.8782    44.766    0.265

       9  560.0000  504.7462      24.4017  450.3759  559.1165  380.3278  629.1646   55.2538    43.900    1.259

      10  525.0000  472.5381      16.2020  436.4377  508.6385  354.9496  590.1265   52.4619    47.541    1.104

      11  480.0000  424.2259      18.4211  383.1811  465.2707  305.0265  543.4252   55.7741    46.726    1.194

      12  510.0000  504.7462      24.4017  450.3759  559.1165  380.3278  629.1646    5.2538    43.900    0.120

          Output Statistics

                              Cook's

     Obs   -2-1 0 1 2              D

       1 |   ***|      |       0.197

       2 |      |      |       0.004

       3 |     *|      |       0.030

       4 |     *|      |       0.120

       5 |      |*     |       0.027

       6 |    **|      |       0.336

       7 |      |      |       0.008

       8 |      |      |       0.009

       9 |      |**    |       0.245

      10 |      |**    |       0.071

      11 |      |**    |       0.111

      12 |      |      |       0.002

Sum of Residuals                           0

Sum of Squared Residuals               25226

Predicted Residual SS (PRESS)          35848

PROC REG DATA=ONE;

    MODEL SALES = ADVERTISING /P R CLI CLM;

    PLOT SALES * ADVERTISING;
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11.8—THE ANALYSIS OF VARIANCE (ANOVA) APPROACH
Another test of (1 = 0 called ANOVA

Analysis of Variance (ANOVA) = partitioning sums of squares of observations into components for inference purposes.

In Multiple Regression ANOVA test = “overall” test of any of X’s.

ANOVA partitions the deviation of a response, Yi, around the average response, 
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, into two components as follows
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seen in the following figure:
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 =  “total” deviation
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  =   “residual,” Ei 

[image: image49.wmf] i

( Y - Y )

ˆ

  =  “regression” deviation =  deviations of regression line around Y-bar
Sums of Squares are “additive.”

Fact:
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Sum of Squares Total = Sum of Squares Regression + Sum of Squares Errors 

(SST) = (SSR) + (SSE)
Proof:  
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NOTE
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 i i i i

( Y - Y ) = ( Y - Y ) + ( Y - Y ) 

ˆˆ

ååå

( SST = SSR + SSE are “definitional” formulas.  
Computational and alternative forms for these SSQ’s, such as SSR = (B1)2SXX exist and are used in practice.

The degrees of freedom of (SSQ’s) also partition.

Result:
dfT = dfR + dfE  or   ( n – 1 ) = 1 + ( n – 2 ).
Defn:

[image: image53.wmf]R
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Mean Square Error = MSE =  = 

dfn - 2

.
Thm 2.11.1:
E{MSE} = (2 

and E{MSR} = (2 + ((1)2SXX .

Above results in the ANOVA F test:
Theorem:
ANOVA F Test = Under Ho: (1 = 0, 
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 has an F(1, n – 2) distribution.

NOTES AND COMMENTS

1.
E{MSE} = (2, ALWAYS.  DOES NOT depend on (1 = 0!

2.
E{MSR} = (2 + ((1)2SXX .

If Ho: (1 = 0 (Y and X not linearly related) is true, then E{MSR} = (2 = E{MSE} .

If HA: (1 ≠ 0 (Y and X ARE linearly related) is true, then 

E{MSR} = (2 + ((1)2SXX >  (2  = E{MSE} .
3.
ANOVA TABLE
Summary of SSQ’s and df’s partition, MSQ’s, and E{ MSQ }’s
	Source of Variation
	Sum of Squares (SSQ)
	Degrees of Freedom (df)
	Mean Square (MSQ)
	Expected Mean Square (E{MSQ})

	Regression
	SSR = 
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	dfR = 1
	MSR
	(2 + ((1)2SXX

	Error
	SSE = 
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	dfE = n - 2
	MSE
	(2

	Total
	SST = 
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4.
ANOVA TEST

Ho: (1 = 0   (   Y and X not linearly related
HA: (1 ≠ 0    (   Y and X ARE linearly related
	Source
	SSQ
	df
	MSQ
	E{MSQ}
	f
	p-value

	Regression
	ssr
	dfR
	msr
	(2 + ((1)2SXX
	f* = msr/mse
	Pr(F(dfR, dfE) > f*)

	Error
	sse
	dfE
	mse
	(2
	
	

	Total
	sst
	dfT
	
	
	
	


Reject Ho if ANOVA p-value too small or f = msr/mse too large
AGE/SBP EXAMPLE ANOVA TEST
Model:   Y = (0 + (1X + ( ( SBP = (0 + (1AGE + (  
Use technology SAS (or MINITAB)  Minitab and SAS outputs
Ho: (1 = 0 ( There is NO LINEAR relationship between Age and SBP
HA: (1 ≠ 0 ( There IS a LINEAR relationship between Age and SBP.


                             Analysis of Variance

                                    Sum of           Mean

Source                   DF        Squares         Square    F Value    Pr > F

Model                     1     1922.99365     1922.99365      15.58    0.0169
Error                     4      493.83968      123.45992

Corrected Total           5     2416.83333

Root MSE             11.11125    R-Square     0.7957

Dependent Mean      135.83333    Adj R-Sq     0.7446

Coeff Var             8.18006

                        Parameter Estimates

                     Parameter       Standard

Variable     DF       Estimate          Error    t Value    Pr > |t|

Intercept     1       87.36336       13.09232       6.67      0.0026

AGE           1        1.05370        0.26699       3.95      0.0169

NOTES AND COMMENTS

1.
Overall ANOVA F test p = 0.0169 < , Reject Ho and conclude that there is a linear relationship between SBP and AGE for the given data
2.
SAS and Minitab ANOVA tables agree perfectly
3.
p-values of T-tests and ANOVA F-tests are identical, so…..?
11.10—DATA PLOTS AND TRANSFORMATIONS
RESIDUAL ANALYSIS = Check assumptions of SLR Model.
Use Technology (stat package, calculator, Excel?)
NORMAL ERROR SLR ASSUMPTIONS { AND WHY THEY ARE IMPORTANT }

1.
Normality of the (i { crucial for tests and CI’s }

2.
Variance of the (i ( (2 ) is a constant { crucial for LSE }

3.
Correct model used (ie Y = (0 + (1X + ( , Linear, vs Y = (0 + (1X2 + ( , Non-Linear ) { estimate of E[Y] correct }

4.
Independence of (i‘s { crucial for tests and CI’s since variances of estimators involving Y’s would be incorrect Var((Y) ≠ (Var(Y)  }

5.
Outliers { mse inflated affecting tests, CI’s, and PI’s; estimates of (0 and (1 misleading }

Residuals

Generic defn of residual = observation - an estimate of the mean of observation
Defn:
A residual in Regression = 
[image: image58.wmf]i i i i01 i

E = Y - Y = Y - (B + BX)

ˆ

.

Residuals = approximations of the error terms, the (i’s.
Ei’s are NOT estimators of the (i’s.  Why?
Residual Analysis (Graphically and Inferentially)
Use Graphical when n Large                           Use Inferential (eg tests) when n Small
Illustration:  Which came from a POPULATION is normally distributed?  Why?
	Example 1
	Example 2

	   Stem Leaf                     #     Boxplot

      3 1                        1        |

      2                                   |

      1 66                       2     +-----+

      0 189                      3     *--+--*

     -0 981                      3     |     |

     -1 66                       2     +-----+

     -2                                   |

     -3 1                        1        |

        ----+----+----+----+

    Multiply Stem.Leaf by 10**+1
	   Stem Leaf                     #     Boxplot

      5 9                        1        0

      5

      4

      4 3                        1        0

      3 55678                    5        0

      3 4                        1        |

      2 588                      3        |

      2 112244                   6        |

      1 69                       2        |

      1 00001134444             11        |

      0 5556666777889           13     +-----+

      0 0011111123344444        16     |  +  |

     -0 444333332221111110      18     *-----*

     -0 99999777766655555       17     |     |

     -1 44442211000             11     +-----+

     -1 98877775                 8        |

     -2 211100                   6        |

     -2 96                       2        |

     -3 2110                     4        |

     -3 9                        1        0

     -4

     -4 5                        1        0

        ----+----+----+----+


Do we conclude the random samples are normal?  Why or why not?

MORAL:
Small sample sizes, graphs may not be informative hence use tests

Large sample sizes, tests are “too” exact or demanding so use graphs

Normal Probability Plot (NPP) of the Residuals

“Assessing the Normality of a Population”
Histogram, Stem & Leaf plot, and Dotplot  have a _________________ shape

Normal Probability Plots have a ____________________ & easy normality assessment
Defn:
A Normal Probability Plot (NPP) of a data set is a plot of the data versus a transformation of the data that results in a straight line, IF THE DATA CAME FROM THE SAME NORMAL DISTRIBUTION.
Interpretation of NPP
The straighter the line, the more we can conclude the population from which the data came is Normally distributed
NOTES AND COMMENTS


Normality assumption important BUT not crucial!


SLR t and F inferences are robust with respect to Normality meaning = ___________
EXAMPLE Sales/Advertising data
ODS HTML;

OPTIONS LS=110 PS=60 PAGENO=1 NOCENTER NODATE FORMDLIM='+';

TITLE 'RESIDUAL ANALYSIS.SAS';

TITLE2 'ADVERTISING SALES EXERCISE 11.7 WMMY 8TH';

DATA ONE;

    INPUT ADVERTISING SALES @@;

    DATALINES;

40 385   20 400   25 395   20 365   30 475   50 440

40 490   20 420   50 560   40 525   25 480   50 510

;

PROC REG DATA=ONE;

    MODEL SALES = ADVERTISING;

    PLOT SALES * ADVERTISING;

    PLOT RESIDUAL.*(PREDICTED. ADVERTISING)/VREF=0;

    PLOT NPP.*RESIDUAL.;

    OUTPUT OUT=NEW PREDICTED=PRED RESIDUAL=RESID;

PROC PLOT DATA=NEW HPERCENT=50 VPERCENT=50;

    PLOT RESID*(PRED ADVERTISING)/VREF=0;

PROC UNIVARIATE NORMAL PLOT DATA=NEW;

    VAR RESID;

    PROBPLOT RESID/NORMAL(MU=EST SIGMA=EST);

RUN;

QUIT;

ODS HTML CLOSE;

	RESIDUAL ANALYSIS.SAS

	ADVERTISING SALES EXERCISE 11.7 WMMY 8TH


The REG Procedure

Model: MODEL1

Dependent Variable: SALES 

	Number of Observations Read
	12

	Number of Observations Used
	12


	Analysis of Variance

	Source
	DF
	Sum of
Squares
	Mean
Square
	F Value
	Pr > F

	Model
	1
	17030
	17030
	6.75
	0.0266

	Error
	10
	25226
	2522.62056
	 
	 

	Corrected Total
	11
	42256
	 
	 
	 


	Root MSE
	50.22570
	R-Square
	0.4030

	Dependent Mean
	453.75000
	Adj R-Sq
	0.3433

	Coeff Var
	11.06902
	 
	 


	Parameter Estimates

	Variable
	DF
	Parameter
Estimate
	Standard
Error
	t Value
	Pr > |t|

	Intercept
	1
	343.70558
	44.76618
	7.68
	<.0001

	ADVERTISING
	1
	3.22081
	1.23961
	2.60
	0.0266




The REG Procedure
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	RESIDUAL ANALYSIS.SAS

	ADVERTISING SALES EXERCISE 11.7 WMMY 8TH


	         Plot of RESID*PRED.  A=1, B=2, etc.                  Plot of RESID*ADVERTISING.  A=1, B=2, etc.      

       ‚                                                        ‚                                             

   100 ˆ                                                    100 ˆ                                             

       ‚                                                        ‚                                             

       ‚                                                        ‚                                             

       ‚                                                        ‚                                             

R   50 ˆ        A                    A             A     R   50 ˆ        A                    A             A 

e      ‚               A                                 e      ‚               A                             

s      ‚                                                 s      ‚                                             

i      ‚ A                           A                   i      ‚ A                           A               

d    0 ˆƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒAƒ    d    0 ˆƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒƒAƒ

u      ‚ A                                               u      ‚ A                                           

a      ‚        A                                        a      ‚        A                                    

l      ‚ A                                               l      ‚ A                                           

   -50 ˆ                                                    -50 ˆ                                             

       ‚                                           A            ‚                                           A 

       ‚                                                        ‚                                             

       ‚                             A                          ‚                             A               

  -100 ˆ                                                   -100 ˆ                                             

       ‚                                                        ‚                                             

       Šƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒ           Šƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒƒƒƒƒƒˆƒ

     408.12 424.23 440.33 456.43 472.54 488.64 504.75            20     25     30     35     40     45     50 

                  Predicted Value of SALES                                        ADVERTISING                 

                                                                                                              




	RESIDUAL ANALYSIS.SAS

	ADVERTISING SALES EXERCISE 11.7 WMMY 8TH


The UNIVARIATE Procedure

Variable: RESID (Residual)
	Moments

	N
	12
	Sum Weights
	12

	Mean
	0
	Sum Observations
	0

	Std Deviation
	47.8883223
	Variance
	2293.29142

	Skewness
	-0.5090937
	Kurtosis
	-0.778974

	Uncorrected SS
	25226.2056
	Corrected SS
	25226.2056

	Coeff Variation
	.
	Std Error Mean
	13.8241679


	Basic Statistical Measures

	Location
	Variability

	Mean
	0.000000
	Std Deviation
	47.88832

	Median
	8.565990
	Variance
	2293

	Mode
	.
	Range
	143.31218

	 
	 
	Interquartile Range
	79.73985


	Tests for Location: Mu0=0

	Test
	Statistic
	p Value

	Student's t
	t
	0
	Pr > |t|
	1.0000

	Sign
	M
	1
	Pr >= |M|
	0.7744

	Signed Rank
	S
	2
	Pr >= |S|
	0.9097


	Tests for Normality

	Test
	Statistic
	p Value

	Shapiro-Wilk
	W
	0.934008
	Pr < W
	0.4245

	Kolmogorov-Smirnov
	D
	0.127013
	Pr > D
	>0.1500

	Cramer-von Mises
	W-Sq
	0.038336
	Pr > W-Sq
	>0.2500

	Anderson-Darling
	A-Sq
	0.280609
	Pr > A-Sq
	>0.2500


	   Stem Leaf                     #  Boxplot                        Normal Probability Plot                    

      4 256                      3  +-----+       50+                                 *++*+   *               

      2 5                        1  |     |         |                              *+++                       

      0 527                      3  *--+--*         |                        *+*+*+                           

     -0 8                        1  |     |         |                     +*++                                

     -2 9                        1  +-----+         |                 +++*                                    

     -4 3                        1     |            |             ++++*                                       

     -6 5                        1     |            |         ++++ *                                          

     -8 8                        1     |         -90+     ++++*                                               

        ----+----+----+----+                         +----+----+----+----+----+----+----+----+----+----+      

    Multiply Stem.Leaf by 10**+1                         -2        -1         0        +1        +2           
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